Bianchi Identities for Non-Geometric Fluxes - From Quasi-Poisson
  Structures to Courant Algebroids by Blumenhagen, Ralph et al.
ar
X
iv
:1
20
5.
15
22
v2
  [
he
p-
th]
  1
6 M
ay
 20
12
MPP-2012-86
ITP-UU-12/16
SPIN-12/14
Bianchi Identities for Non-Geometric Fluxes
- From Quasi-Poisson Structures to Courant Algebroids -
Ralph Blumenhagen1, Andreas Deser1, Erik Plauschinn2 and Felix Rennecke1
1 Max-Planck-Institut fu¨r Physik (Werner-Heisenberg-Institut),
Fo¨hringer Ring 6, 80805 Mu¨nchen, Germany
2 Institute for Theoretical Physics and Spinoza Institute,
Utrecht University, 3508 TD Utrecht, The Netherlands
Abstract
Starting from a (non-associative) quasi-Poisson structure, the deriva-
tion of a Roytenberg-type algebra is presented. From the Jacobi identi-
ties of the latter, the most general form of Bianchi identities for fluxes
(H, f,Q,R) is then derived. It is also explained how this approach is re-
lated to the mathematical theory of quasi-Lie and Courant algebroids.
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1 Introduction
One of the most distinctive features of string theory certainly is T-duality. Apply-
ing this transformation to configurations which are already well understood has
led to new insight about the theory and to the discovery of new structures such
as D-branes and mirror symmetry for Calabi-Yau three-folds. More recently, T-
duality has been applied to closed-string backgrounds with non-vanishing three-
form flux, resulting in configurations not known previously in the framework of
supergravity. More concretely, starting from a background with H-flux and per-
forming a T-duality transformation along a single direction of isometry gives a
configuration with geometric flux f [1]. After further T-dualities, as illustrated
in [2, 3], backgrounds with so-called non-geometric fluxes Q and R are obtained.
This chain of transformations can be summarized by
Habc
Tc←−→ fabc Tb←−→ Qabc Ta←−→ Rabc , (1)
where we would like to note that lower indices are form indices and upper ones
are vector indices.
For the case of Q-flux, the underlying structure can be understood using the
notion of T-folds [4, 5, 6]. However, the nature of backgrounds with R-flux is less
clear, as the manifold is expected to not even be locally geometric. In fact, in
[7, 8] it has been argued that these configurations have a non-associative structure.
Further evidence for this observation was obtained by pursuing a conformal field
theory (CFT) analysis [9, 10, 11], where T-duality is realized via a reflection of
right-moving coordinates. The main results of this work can be summarized by
the following commutator and Jacobiator of the coordinates (see also [12])
[xi, xj ] =
∮
Cx
Qk
ijdyk , [xi, xj, xk] = Rijk . (2)
These expressions imply that, depending on the fluxes Q and R, the coordinates
can be both non-commutative and non-associative (NCA). As can be seen from
the first expression, the commutator of two coordinates is related to a Wilson
line and so only a string with a non-vanishing winding number can detect such
a non-commutative structure. This was shown in the recent work [13]. On the
other hand, as illustrated in [9], a non-associative structure indicated by a non-
vanishing Jacobiator does not depend on the winding number of the closed string.
Recently, double-field theory (DFT) [14] has been established as a manifestly
T-duality invariant formulation of the low-energy effective action of string theory.
As such, it provides a powerful tool to analyze non-geometric fluxes (at least at
tree-level). The new ingredient in DFT is a bi-vector field β which can be seen as
the “T-dual” of the Kalb-Ramond field B, and the fluxes Q and R are expressed
in terms of βij as Qk
ij = ∂kβ
ij and Rijk = βim∂mβ
jk+cycl.1. In [17, 12] (see also
1A bi-vector field also appears in [15] and [16], where the expressions for the fluxes Q and
R can be found as well.
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[18]) the double-field theory action for a non-vanishing bi-vector field has been
worked out explicitly. Furthermore, in [17] a Bianchi identity for the R-flux was
found, which was discovered independently in [19] following a different approach
based on the Schouten–Nijenhuis bracket. In the latter paper, two more Bianchi
identities for the non-geometric fluxes were presented.
In this letter, our central objection is to generalize the above-mentioned
Bianchi identities to the most general case in which all fluxes (H, f,Q,R) are
non-vanishing and non-constant. For constant fluxes a derivation was given in
[3, 20, 21], but here we aim for the derivative corrections to these identities.
Supporting space-time dependent structure ”constants”, the theory of Lie and
Courant algebroids has been been proposed in the literature (see e.g. [22, 15, 23])
as a suitable framework for describing these fluxes. After providing the relevant
definitions, we show how the fluxes (H, f,Q,R) fit into this scheme. In fact, they
allow to define two quasi-Lie algebroids, which combine into a Courant algebroid.
To verify the axioms of the latter, the generalized Bianchi identities turn out to
play an essential role.
2 Non-geometric fluxes and quasi-Poisson struc-
tures
As it is well-known, at the massless level the gravity sector of string theory
contains the metric gij, the anti-symmetric Kalb-Ramond field Bij and the dilaton
φ. Starting then from a geometric background with non-vanishing three-form flux
H = dB and applying T-dualities, one obtains backgrounds which are no longer
geometric. For these non-geometric configurations, the degrees of freedom are
more conveniently described by a dual metric g˜ij, an anti-symmetric bi-vector
field βij and a dilaton φ˜. Defining Eij = gij +Bij and E˜ij = g˜ij + βij, the relation
between the two sets of fields is given by E˜ = E−1, which in components reads
[24, 16] (see also [22, 15] for a derivation from a world-sheet point of view)
g˜ij = gij −BimgmnBnj , βij = −gimBmng˜nj , (3)
and φ˜ is defined via
√−g exp(−2φ) = √−g˜ exp(−2φ˜). In double-field theory,
which is an explicitly O(D,D)-invariant framework consisting of a space with
doubled coordinates (xi, x˜i), the relation (3) is just a particular T -duality trans-
formation [25, 12].
We therefore see that an anti-symmetric bi-vector field β ∈ Γ(Λ2TM) plays
an important role for non-geometric fluxes. In coordinates, it can be written as
β = 1
2
βij ei ∧ ej, where ei = ∂i denotes a basis vector in TM . Such a bi-vector
induces two new structures: a quasi-Poisson structure and an anchor map, which
we will discuss in the present section.
3
Quasi-Poisson structure and NCA geometry
Given an anti-symmetric bi-vector field β, one can define a quasi-Poisson struc-
ture as follows
{f, g} = βij (∂if) (∂jg) , (4)
where f, g ∈ C∞(M). In general, this bracket does not satisfy the Jacobi identity
but one finds
{{f, g}, h}+ cycl. = Rijk (∂if) (∂jg) (∂kh) . (5)
Here, Rijk is given by2 Rijk = 3 β [im ∂mβ
jk] which takes the form of the non-
geometric R-flux mentioned earlier. For vanishing R ∈ Γ(Λ3TM), one obtains a
Poisson structure.
Next, we consider the second non-geometric flux Q which can be expressed
as Qk
ij = ∂kβ
ij, and which in general is not to be considered a tensor. To make
contact with the CFT results (2), we write the quasi-Poisson structure (4) for
two coordinates xi and xj as
{xi, xj} =
∮
Cx
Qk
ijdyk . (6)
That means, a non-trivial Wilson line of the Q-flux can detect a non-trivial
Poisson bracket between two coordinates.
Let us mention that both (5) and (6) can be considered as the classical limits
of the quantum non-commutativity and non-associativity investigated from a
conformal field theory point of view in [9, 10, 11, 13]. For instance, in [11] it was
found that a string moving in a background with constant R-flux gives rise to a
non-trivial three-product of the form
f △ g△h(x) = f g h+Rijk(∂if) (∂jg) (∂kh) +O(R2) . (7)
The quantum version of (6) was considered in [10, 13]. Therefore, in analogy
to the Moyal-Weyl product, (7) points towards the existence of a deformation
quantization of the classical quasi-Poisson structure. However, this certainly
very interesting question is beyond the scope of this letter.
Anchor map
In addition to the quasi-Poisson structure, the bi-vector β also induces a natural
map β♯ : T ∗M → TM from the co-tangent to the tangent space of a manifold
M . It is defined by the relation3
β♯(η)(ξ) = β(η, ξ) for all ξ ∈ T ∗M , (8)
2Here and in the following, underlined indices are anti-symmetrized and anti-symmetrization
is defined as A[a1a2a3...an] =
1
n!
∑
σ∈Sn
sign(σ)Aa
σ(1) aσ(2)...aσ(n)
.
3This map is closely related to the β-transform in [24].
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and, as we will discuss later, such a map is called an anchor. In components,
equation (8) reads as follows: denoting by {ei} ∈ T ∗M the basis dual to {ei},
that is ei(ej) = δ
i
j , one finds
ei♯ = β
♯(ei) = βij∂j . (9)
Thus, there are two kinds of derivative operators: ei and e
i
♯. We also observe
that the derivative D˜i = ∂˜i − βij∂j introduced in [17], in the case of vanishing
winding derivatives ∂˜i, is related to (9) as D˜i = −ei♯.
It is now straightforward to show that the differential operators {ei, ei♯} ∈ TM
satisfy the following commutation relations (see [24] for closely related expres-
sions)
[ei, ej] = 0 ,
[ei, e
j
♯ ] = Qi
jk ek ,
[ei♯, e
j
♯ ] = R
ijk ek +Qk
ij ek♯ ,
(10)
where Rijk = 3 β [im ∂mβ
jk] and Qk
ij = ∂kβ
ij as defined above. The Jacobi iden-
tities for this Lie bracket imply Bianchi identities for the non-geometric Q- and
R-fluxes. For vanishing H-flux and vanishing geometric flux f , they read
0 = 3β [am∂mQd
bc] − ∂dRabc + 3Qd[amQmbc] ,
0 = 2β [am ∂mR
bcd] − 3R[abmQmcd] .
(11)
These relations were derived in [19] using a different approach based on the
Schouten–Nijenhuis bracket.4 The second identity also appeared in [17] in the
context of double-field theory. In the next section, we generalize the algebra (10)
and the Bianchi identities (11) to the situation when all fluxes (H, f,Q,R) are
non-vanishing.
3 Bianchi identities for all fluxes
In order to implement the geometric flux f into our discussion, we have to intro-
duce a vielbein basis. The notation we employ is the following. The vielbeins are
denoted by {eai}, and we define in the usual way
ea = ea
i∂i . (12)
The {eai} are required to be orthonormal with respect to the metric gij on M ,
that is ea
ieb
j gij = δ
ab, and the inverse of ea
i is denoted by eai. Furthermore, in
general the fields ea do not commute but have a non-vanishing Lie bracket
[ea, eb] = fab
c ec , (13)
4Note that in [19] we used a convention for R which differs by a factor of two.
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where fab
c is called geometric flux and is given by fab
c = ecj (ea
i∂ieb
j − ebi∂ieaj).
The basis dual to {ea} will be denoted by {ea} and is constructed as ea = eaiei.
The map (8) induced by the quasi-Poisson structure β acting on ea then reads
ea♯ = β
♯(ea) = eai β
ij ∂j = β
abeb , (14)
where we employed βab = eaie
b
jβ
ij. Recall that for the case of a vanishing torsion
tensor we have the relation
dea = −1
2
fbc
a eb ∧ ec , (15)
and the connection coefficients Γcab in the non-coordinate basis satisfy fab
c =
Γcab − Γcba. The corresponding covariant derivative is denoted by ∇a.
Pre-Roytenberg algebra
After having introduced out notation for the vielbeins, let us now evaluate two
Lie brackets. In particular, we compute
[ea, e
b
♯] = Qa
bcec − facbec♯ , [ea♯ , eb♯] = Rabcec +Qcabec♯ . (16)
The terms appearing on the right-hand side are given by
Qa
bc = ∂aβ
bc + fam
b βmc − famc βmb ,
Rabc = 3
(
β [am ∂mβ
bc] + fmn
[a βbmβc]n
)
= 3 β [am∇mβbc] ,
(17)
and correspond to the non-geometric Q- and R-fluxes in the presence of non-
vanishing geometric flux f . However, the remaining flux H ∈ Γ(Λ3T ∗M) does
not yet appear in the Lie algebra defined by the commutators (13) and (16). Let
us therefore perform the following redefinitions
Habc = Habc ,
Fabc = fabc −Habm βmc ,
Qabc = Qabc +Hamn βmb βnc ,
Rabc = Rabc −Hmnp βma βnb βpc ,
(18)
where Habc denotes the components of the usual H-field in the non-coordinate
basis. Recalling its definition H = dB in terms of the two-form gauge field B,
we can infer
Habc = Habc = 3∇[aBbc] . (19)
Employing (18), the commutators (13) and (16) then take the form (see also [24])
[ea, eb] = Fabc ec +Habc ec♯ ,
[ea, e
b
♯] = Qabc ec − Facb ec♯ ,
[ea♯ , e
b
♯] = Rabc ec +Qcab ec♯ .
(20)
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These relations are very similar to the Roytenberg bracket [26, 27] for a particular
basis (see [15]), with the only difference that the latter is not given by a Lie bracket
on TM but rather by a so-called Courant bracket on TM ⊕ T ∗M . Therefore, we
call (20) a pre-Roytenberg algebra, and we will clarify the relation between these
two structures in the next section.
Bianchi identities
Using the commutation relations (20), we can now deduce the Bianchi identities
for the various fluxes from the Jacobi identities of the pre-Roytenberg algebra.
First, we have the usual Bianchi identity for the H-flux which in the presence of
geometric flux can be written as
I : 0 = ∇[aHbcd] = ∂[aHbcd] − 32 F[abmHmcd] . (21)
Next, since the Lie bracket satisfies the Jacobi identity, we can evaluate the
following four equations
II : 0 =
[
[ea, eb], ec
]
+ cycl. , III : 0 =
[
[ea, eb], e
c
♯
]
+ cycl. ,
IV : 0 =
[
[ea, e
b
♯], e
c
♯
]
+ cycl. , V : 0 =
[
[ea♯ , e
b
♯], e
c
♯
]
+ cycl. ,
(22)
which lead to the four Bianchi identities
II : 0 =
(
∂[cFab]d + F[abmFc]md +H[abmQc]md
)
+
(
∂[cHab]n − 2F[abmHcn]m
)
βnd ,
III : 0 =
(
βcm∂mFabd + 2∂[aQb]cd −HmabRmcd − FabmQmcd + 4Q[a[cmFmb]d]
)
+
(
βcm∂mHabn − 2∂[aFb]nc − 3Hm[abQn]mc + 3F[abmFmn]c
)
βnd ,
IV : 0 =
(
−∂aRbcd − 2β [cm∂mQab]d + 3Qa[bmQmcd] − 3Fam[bRcd]m
)
+
(
2β [cm∂mFanb] − ∂aQnbc +QmbcFanm
+RbcmHman − 4Q[a[bmFmn]c]
)
βnd ,
V : 0 =
(
β [cm ∂mRab]d − 2R[abmQmcd]
)
+
(
β [cm ∂mQnab] +R[abmFmnc] +Qm[abQnc]m
)
βnd . (23)
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Remarks
We close this section with some remarks.
• Note that for vanishing fluxes H and f , the equations IV and V reduce to
the Bianchi identities (11) in the geometric basis. Furthermore, equation
III reduces to ∂[aQb]cd = 0.
• Equation II is the Bianchi identity for the usual Riemann curvature tensor,
while in the case of vanishing geometric flux equation IV is the Bianchi
identity of the second curvature tensor Rˇijkl defined in [17, 12].
• For constant fluxes, the five Bianchi identities above reduce to the system
of Bianchi identities derived in [3, 20, 21] which, in our notation, read
0 = Hk[abFkcd] ,
0 = Hk[abQc]kj − F jk[aFkbc] ,
0 = HkabRkcd + FkabQkcd − 4F [ck[aQb]d]k ,
0 = F [akiRbc]k −Qik[aQkbc] ,
0 = Qk [abRcd]k .
(24)
4 Lie and Courant algebroids
In the previous two sections, we have considered a framework based on the bi-
vector field β to compute Bianchi identities. However, it has been noted in the
literature that the underlying mathematical structures for non-geometric fluxes
are Lie and Courant algebroids, which generalize Lie algebras such that structure
“constants” become space-time dependent.
In this section, we first briefly review the relevant notions for algebroids and
then show how our previous analysis fits into this scheme. For mathematically
more rigorous and complete definitions we would like to refer the reader to the
existing literature, in particular to [26, 27, 28].
Gerstenhaber algebra and Schouten–Nijenhuis bracket
Let us start by introducing the Gerstenhaber algebra which is a graded, asso-
ciative, super-commutative algebra G⋆ =
⊕
kG
k with respect to a product ∧,
together with a graded Lie bracket [·, ·]G such that the following Leibniz rule
holds
[a, b ∧ c]G = [a, b]G ∧ c+ (−1)(k−1)l b ∧ [a, c]G , (25)
where a ∈ Gk, b ∈ Gl and c ∈ G⋆. Super-commutativity means
[a, b]G = −(−1)(k−1)(l−1) [b, a]G . (26)
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In addition, for a Gerstenhaber algebra the graded Jacobi identity is satisfied
[a, [b, c]G]G = [[a, b]G, c]G + (−1)(k−1)(l−1) [b, [a, c]G]G . (27)
An example of a Gerstenhaber algebra is the Schouten–Nijenhuis bracket [·, ·]SN ,
which for functions f, g ∈ C∞(M) and vector fields X, Y ∈ Γ(TM) it is defined
by
[f, g]SN = 0 , [X, f ]SN = X(f) , [X, Y ]SN = [X, Y ]L , (28)
with [·, ·]L being the Lie bracket. The Schouten–Nijenhuis bracket is uniquely
extended to arbitrary alternating multi-vector fields in Γ(Λ⋆TM) with usual ex-
terior product by demanding (25) and (26). Similarly, any exterior algebra of a
Lie algebra is a Gerstenhaber algebra.
Lie algebroids
Next, we turn to Lie algebroids. A vector bundle E over a manifold M is called
a Lie algebroid, if it is equipped with a Lie bracket [·, ·]E and a bundle homo-
morphism ρ : E → TM , called an anchor, such that the following Leibniz rule
holds
[s1, fs2]E = f [s1, s2]E + (ρ(s1)f) s2 , (29)
where si are sections of E and f ∈ C∞(M). The Lie algebroid (E, [·, ·]E, ρ) then
has the following important properties. First, the space of sections Γ(Λ⋆E) is a
Gerstenhaber algebra with the bracket determined by
[f, g]G = 0 , [f, s]G = −ρ(s) f , [s1, s2]G = [s1, s2]E , (30)
as well as by (25) and (26). Second, Γ(Λ⋆E∗) is a graded differential algebra, and
the differential with respect to the multiplication ∧ is given by
(dE ω)(s0, . . . , sk) =
k∑
i=0
(−1)iρ(si) (ω(s0, . . . , sˆi, . . . , sk))
+
∑
i<j
(−1)i+jω ([si, sj ]E, s0, . . . , sˆi, . . . , sˆj, . . . , sK) ,
(31)
where ω ∈ Γ(ΛkE∗) and {si} ∈ Γ(E). Let us mention that these two properties
are equivalent to the definition of a Lie algebroid given in [29].
There are two standard examples for Lie algebroids which are also of impor-
tance for our analysis. We discuss them in turn.
• We first consider A = (TM, [·, ·]L, ρ = id), where the anchor is the identity
map and the bracket is given by the usual Lie bracket [X, Y ]L of vector
fields. The Gerstenhaber bracket on Γ(Λ⋆TM) is given by the Schouten–
Nijenhuis bracket (28) and the differential on Γ(Λ⋆T ∗M) is the usual de
Rham differential. Note that for a vielbein basis {ea} with geometric flux
f we obtain (13).
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• For the second example, we let (M,β) be a Poisson manifold with Poisson
tensor β = 1
2
βijei ∧ ej . In view of (5), this means R = 12 [β, β]SN = 0. The
Lie algebroid is then given by A∗ = (T ∗M, [·, ·]K, ρ = β♯), where the anchor
is defined as in (8). The bracket on T ∗M is the Koszul bracket defined on
one-forms as
[ξ, ν]K = Lβ♯(ξ)ν − ιβ♯(ν) dξ , (32)
where the Lie derivative reads LX = ιX ◦ d + d ◦ ιX . The associated Ger-
stenhaber bracket is called the Koszul–Schouten bracket. The corresponding
differential on TM is given in terms of the Schouten–Nijenhuis bracket
dβ = [β, · ]SN . (33)
Note that for the basis {ea} we obtain [ea, eb]K = Qcab ec, with the non-
geometric flux Q as in (17).
These two Lie algebroids can be combined into a Lie bi-algebroid (A,A∗) where,
in this particular case, the definition of the latter requires the de Rham differential
to be a derivation of the Koszul–Schouten bracket. That means
d[ea, eb]K = [de
a, eb]K + [e
a, deb]K , (34)
which can be brought into the form
0 = β [am
(
∂[p fqm]
b] + f[pq
n fm]n
b
)
= β [amRb][pqm] , (35)
where Rabcd is the curvature tensor of the connection Γ
a
bc. Note that due to
the Bianchi identity for the curvature tensor, the relation (35) is automatically
satisfied. Thus, the above two examples indeed combine into a Lie bi-algebroid.
Let us remark that the framework of Lie (bi-)algebroids provides a natural
way of implementing non-constant f - and Q-fluxes, which is not possible in the
realm of Lie algebras.
Quasi-Lie algebroids
In order to also describe H- and R-fluxes, we have to generalize the above struc-
ture to include twists (for a review see for instance [30]). For the two Lie alge-
broids of interest, twists can be realized as follows.
• We first consider AH = (TM, [·, ·]HL , idTM ;H) with anH-twisted Lie bracket
[X, Y ]HL = [X, Y ]L − β♯ (ιY ιXH) . (36)
The bracket (36) does not satisfy the Jacobi identity and is therefore called
a quasi-Lie algebroid. However, the Jacobi identity is satisfied upon setting
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H = 0; thus H measures the defect of AH to be a Lie algebroid. In
particular, let us evaluate (36) for two fields ea in a vielbein basis {ea} with
geometric flux f . We obtain
[ea, eb]
H
L = fab
p ep −Habm βmp ep = Fabc ec . (37)
• For the second example, we consider A∗H = (T ∗M, [·, ·]HK, β♯;R) with the
H-twisted Koszul bracket
[ξ, ν]HK = [ξ, ν]K + ιβ♯(ν)ιβ♯(ξ)H . (38)
Again, this bracket does not satisfy the Jacobi identity but defines a quasi-
Lie algebroid, and the defect of A∗H is measured by R ∈ Γ(Λ3TM) given
by
Rabc = 12 [β, β]abcSN + βamβbnβckHmnk . (39)
That is, the Jacobi identity is satisfied iff R = 0, which also guarantees β♯
to be an algebra homomorphism. This condition is called the quasi-Poisson
condition [31]. Evaluating the twisted Koszul bracket (38) for the dual basis
{ea}, we obtain
[ea, eb]HK = ∂pβ
ab ep + 2fpm
[aβmb] ep + βamβbnHmnpe
p = Qcab ec . (40)
To summarize, we see that the fluxes H and R introduced in (18) have a direct
interpretation as the defects to the Lie algebroid properties. Furthermore, also
the fluxes F and Q appear naturally via the brackets of two basis fields.
The associated Courant algebroid
Our aim is to identify a framework in which all the fluxes in (18) appear. So
far, we have described (H,F) on TM as well as (R,Q) on T ∗M . Hence, we are
naturally lead to seek for a suitable structure on TM ⊕T ∗M respecting both AH
and A∗H . Following [32, 26, 27], we therefore consider TM ⊕ T ∗M equipped with
• a bi-linear form for (X + ξ) ∈ Γ(TM ⊕ T ∗M), where X ∈ Γ(TM) and
ξ ∈ Γ(T ∗M), which reads
〈X + ξ, Y + ν〉± = ξ(Y )± ν(X) , (41)
• a skew-symmetric bracket J·, ·K on Γ(TM ⊕ T ∗M) composed of
JX, Y K = [X, Y ]HL + ιY ιXH ,
JX, ξK = [ιX , d
H]+ ξ − [ιξ, dHβ ]+X + 12
(
dH − dHβ
) 〈X, ξ〉− ,
Jξ,XK = [ιξ, d
H
β ]+X − [ιX , dH ]+ ξ + 12
(
dH − dHβ
) 〈ξ,X〉− ,
Jξ, νK = [ξ, ν]HK + ινιξR ,
(42)
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with dH the H-twisted de Rham differential given by (31) via (36), dHβ
the H-twisted Poisson differential associated to (38), and [·, ·]+ the anti-
commutator,
• an algebra homomorphism (anchor) given by α(X + ξ) = X + β♯(ξ).
This additional structure makes TM ⊕ T ∗M into a Courant algebroid.5 The
required axioms for the latter are the following [32]:
1. The anchor α satisfies α(Js1, s2K) = Jα(s1), α(s2)K for sections s1, s2 ∈
Γ(TM ⊕ T ∗M).
2. The Courant bracket J·, ·K satisfies the modified Leibniz rule
Js1, f s2K = f Js1, s2K + (α(s1)f) s2 − 12〈s1, s2〉+Df , (43)
where D = dH + dHβ and f ∈ C∞(M).
3. The anchor satisfies α ◦ D = 0 .
4. For s1, s2, s3 ∈ Γ(TM ⊕ T ∗M) the following relation holds
α(s1)〈s2, s3〉+ =〈
Js1, s2K +
1
2
D〈s1, s2〉+, s3
〉
+
+
〈
s2, Js1, s3K +
1
2
D〈s1, s3〉+
〉
+
.
(44)
5. The Jacobiator Jac(s1, s2, s3) = JJs1, s2K, s3K + cycl. satisfies
Jac(s1, s2, s3) = D T (s1, s2, s3) (45)
where T = 1
6
〈Js1, s2K, s3〉+ + cycl.
The first four properties are checked directly, while the last one will become
apparent in the following.
To make contact with our results in section 3, we evaluate the Courant bracket
J·, ·K on basis sections {ea, eb} ∈ TM ⊕ T ∗M . We obtain
Jea, ebK = Fabc ec +Habc ec ,
Jea, e
bK = Qabc ec − Facb ec ,
Jea, ebK = Qcab ec +Rabc ec ,
(46)
5Strictly speaking, this is true provided (AH ,A∗H) is a proto bi-algebroid [26]. However, to
avoid technical details we will argue directly that the above structure gives a Courant algebroid.
Note that an analogous construction can be made for the untwisted Lie bi-algebroid (A,A∗)
leading to the untwisted version of this Courant algebroid.
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which will be denoted the Roytenberg algebra [26, 15]. Applying the anchor map
to these relations gives the pre-Roytenberg algebra (20) found in the previous
section. Furthermore, evaluating the Jacobiators we find
Jac(ea, eb, ec) =− 3
(
∂[cFab]d + F[abmFc]md +H[abmQc]md
)
ed
− 3
(
∂[cHab]d − 2F[abmHcd]m
)
ed + 3
2
DHabc ,
Jac(ea, eb, e
c) =−
(
βcm∂mFabd + 2∂[aQb]cd −HmabRmcd − FabmQmcd
+ 4Q[a[cmFmb]d]
)
ed −
(
βcm∂mHabd − 2∂[aFb]dc
− 3Hm[abQd]mc + 3F[abmFmd]c
)
ed + 3
2
DF cab ,
Jac(ea, e
b, ec) = +
(
−∂aRbcd − 2β [cm∂mQab]d + 3Qa[bmQmcd]
− 3Fam[bRcd]m
)
ed +
(
2β [cm∂mFadb] − ∂aQdbc +QmbcFadm
+RbcmHmad − 4Q[a[bmFmd]c]
)
ed + 3
2
DQabc ,
Jac(ea, eb, ec) =− 3
(
β [cm ∂mRab]d − 2R[abmQmcd]
)
ed − 3
(
β [cm ∂mQdab]
+R[abm Fmdc] +Qm[abQdc]m
)
ed + 3
2
DRabc .
(47)
Let us note that the parenthesis multiplying ed and e
d contain the same terms
appearing in the four Bianchi identities (23). In fact, (23) can be obtained by
applying the anchor α to the Jacobiators above since α◦D = 0. Employing then
(21) and (23), we can simplify the Jacobiators considerably and bring them into
the form
Jac(ea, eb, ec) = D T (ea, eb, ec) = 12 DHabc ,
Jac(ea, eb, e
c) = D T (ea, eb, ec) = 12 DFabc ,
Jac(ea, e
b, ec) = D T (ea, eb, ec) = 12 DQabc ,
Jac(ea, eb, ec) = D T (ea, eb, ec) = 1
2
DRabc .
(48)
These expressions are the expected defects for a Courant algebroid mentioned
in (45). We therefore have verified that the underlying structure to describe the
fluxes (H,F ,Q,R) is indeed given by a Courant algebroid.
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5 Conclusions
We conclude this letter with a brief summary. Starting from a bi-vector field β,
which can be considered as the T-dual of the Kalb-Ramond two-form B, we have
followed a quite straightforward and logical path leading to an intricate structure
for non-geometric fluxes. The approach we followed is summarized in the diagram
below.
geometric data
(β,H, ea)
{ea, eb♯} //

pre-Roytenberg algebra
Bianchi id’s (23)
quasi-Lie algebroids
(AH ,A∗H)
J·, ·K
// Courant
algebroid
{ea, eb}// Roytenberg algebra
Jacobiators (48)
β♯
OO
More concretely, we have achieved a systematic identification of the mathe-
matical structure to describe (H,F ,Q,R) fluxes in a combined way. It is that
of a Courant algebroid arising from twisting the standard Lie algebroid of the
tangent and co-tangent bundle by H. Note that the Bianchi identities (23) are
embedded crucially in this picture.
In view of future work, we recall again that an effective action for the fields
(g˜ij, βij, φ˜) has been derived in [12] using double-field theory. This action is
formulated on an ordinary commutative space-time, however, the existence of
the quasi-Poisson structure and the evidence from CFT computations suggests
that there might exist an alternative description in terms of an NCA geometry.
We hope to come back to this question in the future.
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